Using lattice configurations for quantum chromodynamics (QCD) generated with three domainwall fermions at a physical pion mass, we obtain a parameter-free prediction of QCD's renormalisation-group-invariant process-independent effective charge,α(k 2 ). Owing to the dynamical breaking of scale invariance, evident in the emergence of a gluon mass-scale, m0 = 0.43(1) GeV, this coupling saturates at infrared momenta:α(0)/π = 0.97(4). Amongst other things:α(k 2 ) is almost identical to the process-dependent (PD) effective charge defined via the Bjorken sum rule; and also that PD charge which, employed in the one-loop evolution equations, delivers agreement between pion parton distribution functions computed at the hadronic scale and experiment. The diversity of unifying roles played byα(k 2 ) suggests that it is a strong candidate for that object which represents the interaction strength in QCD at any given momentum scale; and its properties support a conclusion that QCD is a mathematically well-defined quantum field theory in four dimensions.
I. INTRODUCTION
QCD fascinates for many reasons, with the feature of confinement looming large amongst them. At issue here is the definition. When communicating about confinement, a typical practitioner has a notion in mind; yet the perspectives of any two different practitioners are often distinct, e.g. Refs. [1] [2] [3] . The proof of one expression of confinement will be contained within a demonstration that quantum SU c (3) gauge field theory is mathematically well-defined, i.e. a solution to the "Millennium Problem" [4] . However, that may be of limited value because Nature has provided light-quark degreesof-freedom, which seemingly play a crucial rôle in the empirical realisation of confinement, perhaps because they enable screening of colour charge at low coupling strengths [2] .
The QCD running coupling lies at the heart of many attempts to define and understand confinement because, almost immediately following the demonstration of asymptotic freedom [5] [6] [7] , the associated appearance of an infrared Landau pole in the perturbative expression for the running coupling spawned the idea of infrared slavery, viz. confinement expressed through a far-infrared divergence in the running coupling. In the absence of a nonperturbative definition of a unique running coupling, this idea is not more than a conjecture. Notwithstanding that, and possibly inspired by the challenge, attempts to solve the confinement puzzle by completing the nonperturbative definition and calculation of a running coupling in QCD have received ongoing attention. (See Refs. [8, 9] and citations thereof.)
The archetypal running coupling is that computed in quantum electrodynamics (QED) more than sixty years ago [10] : it is now known to great accuracy [11] and the running has been observed directly [12, 13] . This Gell-Mann-Low effective charge is a renormalisation group invariant (RGI) and process-independent (PI) running coupling, which is obtained simply by computing the photon vacuum polarisation. That is because ghost fields decouple in Abelian theories; hence, one has the Ward identity [14] , which guarantees that the electric-charge renormalisation constant is equivalent to that of the photon field. Stated physically, the impact of dressing the interaction vertices is absorbed into the vacuum polarisation. This is not usually true in QCD because ghost fields do not decouple; consequently, the renormalisation constants associated with the running coupling and the gluon vacuum polarisation are different. However, there is one approach to analysing QCD's Schwinger functions that preserves some of QED's simplicity; namely, the combination of pinch technique (PT) [3, [15] [16] [17] and background field method (BFM) [18] . This framework acts to make QCD "look" Abelian: one systematically rearranges classes of diagrams and their sums in order to obtain modified Schwinger functions that satisfy linear Slavnov-Taylor identities [19, 20] . In the gauge sector, us-ing Landau gauge, this produces a modified gluon dressing function from which one can compute a unique QCD running coupling, i.e. the PT-BFM polarisation captures all required features of the renormalisation group. Furthermore, the coupling is process independent: one obtains precisely the same result, independent of the scattering process considered, whether gluon+gluon → gluon+gluon, quark+quark → quark+quark, etc. This clean connection between the coupling and the gluon vacuum polarisation relies on another particular feature of QCD, viz. in Landau gauge the renormalisation constant of the gluon-ghost vertex is unity [19] , in consequence of which the effective charge obtained from the PT-BFM gluon vacuum polarisation is directly connected with that deduced from the gluon-ghost vertex [21] [22] [23] , sometimes called the "Taylor coupling," α T [24, 25] .
These observations underly the RGI PI effective coupling,α(k 2 ), introduced in Ref. [26] . Therein, a combination of continuum-and lattice-QCD methods was used to complete the first calculation ofα(k 2 ), which was subsequently refined [27] . With improvements in lattice configurations, it is worth returning to that effective charge. In Sec. II we recapitulate the discussion in Ref. [26] . Then, in Sec. III, using the most upto-date lattice-QCD (lQCD) configurations available, we update the prediction forα(k 2 ) and comment upon its relevance to confinement and the nonperturbative definition of QCD. Section IV draws novel connections betweenα(k 2 ) and an often discussed process-dependent effective charge [28] [29] [30] , highlighting the possibility that α(k 2 ) may provide an objective measure of the interaction strength in QCD at any given momentum scale. Section V presents a summary and offers perspectives.
II. PI EFFECTIVE COUPLING
We begin with the mathematical foundation provided by Refs. [31, 32] ; namely, using the PT-BFM method, one derives the following identities (T µν (k) = δ µν − k µ k ν /k 2 ):
where:
(i) d(k 2 ) is the RGI PI running-interaction discussed in Ref. [23] ;
(ii) α(ζ 2 ) := g 2 (ζ 2 )/[4π], where g is the Lagrangian coupling and ζ the renormalisation scale;
(iii) D PB µν (k) = ∆ PB (k 2 )T µν (k) is the PT-BFM gluon two-point function;
(iv) D µν (k) = ∆(k 2 )T µν (k) is the canonical gluon twopoint function;
(v) F is the dressing function for the ghost propagator;
(vi) and L is that longitudinal part of the gluon-ghost vacuum polarisation which vanishes at k 2 = 0 [23] .
(The RGI character ofd(k 2 ) has explicitly been verified: numerically via direct calculation [31] and analytically in the infrared and ultraviolet limits [32] .) Using Eqs. (1), QCD's matter-sector gap equationthe dressed-quark Dyson-Schwinger equation (DSE)can be written (k = p − q)
where Λ dq represents a Poincaré invariant regularisation of the four-dimensional integral, with Λ the regularisation mass-scale; and the usual Z 1 Γ a ν has become Z 2Γ a ν , with the latter function being a PT-BFM gluonquark vertex that satisfies an Abelian-like Ward-Green-Takahashi identity [17] and Z 1,2 are, respectively, the gluon-quark vertex and quark wave function renormalisation constants.
Here it is useful to review the ultraviolet and infrared limits of the RGI interaction, d(k 2 ), and draw its connection with the PI effective charge.
At momenta far above Λ QCD , the mass-scale characterising QCD perturbation theory, 1 one has [32] 
It is not necessary to specify a renormalisation scheme because all couplings are equivalent at one-loop level.
Hence, I (k 2 ) in Eq. (1b) is a PI running coupling at ultraviolet momenta:
At the other extreme: k 2 Λ 2 QCD , one encounters a signature feature of strong QCD; namely, d(k 2 ) saturates to a finite value at k 2 = 0 owing to the nonperturbative generation of a mass-scale in the gauge sector, e.g. Refs. [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] . In fact [23, 31] 
It is useful to connect this outcome with the canonical gluon two-point function, which satisfies, using Eqs. (1):
One can write
where m g (k 2 , ζ) is the canonical dynamical gluon mass function and J(k 2 , ζ) is the associated kinetic term. For later use, we note [45, 46] :
follows from Eqs. (5) - (7) . Consider the product
which is a RGI function. Now use Eqs. (8) to develop an interpolation, D(k 2 ), which accurately describes available results for D(k 2 ) on k 2 ζ 2 and yet also expresses the following behaviour:
i.e. in both the far-infrared and -ultraviolet, D(k 2 ) behaves as the free propagator for a boson with mass m 0 . Then, writingd
one arrives at an effective charge,α(k 2 ), which is:
(a) RGI;
(b) PI, hence, key to the unified description of an extensive array of hadron observables;
(c) identical to the standard QCD running-coupling in the ultraviolet, Eq. (4);
(d) saturates to a finite value, α 0 , on k 2 Λ 2 QCD ; and completely determined by those functions from QCD's gauge sector which connect the canonical and PT-BFM gluon two-point functions. Concretely expressed,
(13b)
Crucially, each of these functions can be computed using continuum and/or lattice methods. In terms of this PI charge, the quark DSE, Eq. (2), can be rewritten:
. This series of observations enabled unification of that body of work directed at the ab initio computation of QCD's effective interaction via direct analyses of gauge-sector gap equations and the studies which aimed to infer the interaction by fitting data within a symmetry-preserving truncation of those equations in the matter sector that are relevant to bound-state properties [31] . It is worth remarking here thatα(k 2 ) is RGI and PI in any gauge. Moreover, it is sufficient to calculate this charge in Landau gauge because:α(k 2 ) is forminvariant under gauge transformations, since the identities expressed by Eqs. (1) are the same in all linear covariant gauges [47] ; and gauge covariance ensures that such transformations are implemented by multiplying a simple factor into the configuration space transform of the gap equation's solution and may consequently be absorbed into the dressed-quark two-point function [48] .
III. EFFECTIVE CHARGE FROM MODERN LATTICE SIMULATIONS

A. Existing Results
Existing analyses of continuum and lattice results for QCD's gauge sector yield the PI coupling depicted as the solid black curve in Fig. 2 of Ref. [27] , corresponding to α 0 /π = 1.00, m 0 = 0.47 GeV≈ m p /2, where m p is the proton mass. These results were based on lQCD simulations obtained with four dynamical flavours of twistedmass fermions [24, 25] at pion masses m π 0.3 GeV.
Today, new simulations exist with three domain-wall fermions and m π = 0.139 GeV. They were recently employed [33] to compute the Taylor coupling at intermediate and large momenta; and therefrom deduce the MScoupling at the Z 0 mass, producing a result in agreement with the world average [11] . We now take advantage of the gauge-sector two-point Schwinger functions computed with these state-of-the-art lattice configurations in order to deliver a refined prediction forα(k 2 ).
B. Gluon two-point function
The gluon two-point function is obtained via Monte-Carlo averaging over gauge-field lattice configurations constrained to Landau gauge [32, 49] . Using the MOM renormalisation scheme with ζ = 3.6 GeV, the configurations from Ref. [50] [51] [52] yield the results for ∆(k) depicted in the upper panel of Fig. 1 . (ζ = 3.6 GeV is chosen because it lies within both the domain of reliable lattice output and perturbative-QCD validity.)
The information required herein is best obtained by developing an accurate interpolation of the lattice results in Fig. 1-upper 
The fitting function is drawn as the solid curve in Fig The ghost propagator dressing function, F (k 2 ; ζ 2 ), can be obtained via inversion of the Faddeev-Popov operator [32, 49, 53] . Once again using the configurations in Refs. [50] [51] [52] and MOM renormalisation at ζ = 3.6 GeV, we obtain the points in Fig. 1 -lower panel. 2 The ghost dressing function can also be obtained by solving the associated gap equation (p = k + q):
whereZ 3 is the ghost wave function renormalisation constant. 
for the gluon two-point function, g 2 (ζ 2 ) = 4.44 at ζ = 3.6 GeV [33] , and chooseZ 3 (ζ 2 ; Λ 2 ) such that F (ζ 2 ; ζ 2 ) = 1. It remains only to compute L(k 2 ; ζ 2 ), the longitudinal part of the gluon-ghost vacuum polarisation. This function vanishes at k 2 = 0 and is perturbatively small . Lower panel -product L(k 2 ; ζ 2 )F (k 2 ; ζ 2 ) that appears in computingd(k 2 ); and hence,α(k 2 ). on k 2 Λ 2 QCD ; but its behaviour at intermediate momenta has a significant effect ond(k 2 ) and, hence, the PI effective charge [26] . Following Ref. [23] :
As described above, every element in the integrand is accurately known; and using these inputs, one obtains the results in Fig. 2 .
D. Effective Interaction
We now have all information required for calculation ofd(k 2 ) and, hence, the RGI PI effective charge,α(k 2 ). However, before proceeding we provide an estimate of the sensitivity of our prediction to uncertainties on the inputs. To that end, consider Fig. 1-upper panel. The results from all four lattices are in perfect agreement, except at the two lowest momenta. At these positions, the deviation between our fit and the lattice points is 1%. Naturally, low-momentum lattice results are suspect owing to finite-volume effects. Acknowledging that, then by applying a uniform 1% error to ∆ fit (s) we express a conservative uncertainty estimate. ∆ fit (s) is the key element in the linear kernel of Eq. (18); hence, F (k 2 ; ζ 2 ) can also be uncertain at the level of 1%. The same is true for L(k 2 ; ζ 2 ). (Given the precise agreement between our DSE solution and the lattice results for F (k 2 ; ζ 2 ), we neglect any error in H 1 .) Following this reasoning, we subsequently report results obtained by including a propagated 1% uncertainty in each of these inputs.
In Fig. 3 we depict our prediction for the RGI functiond(k 2 ) defined in Eqs. (1) . It is characterised by the infrared value (in GeV −2 ): d(k 2 = 0) = 16.6(4) ; (20) and in combination with Eqs. (5), (15)- (17), one obtains α 0 = m 2 0d (k 2 = 0) = 0.97(4) π .
Earlier analyses yielded [26, 27, 31] : α 0 /π ≈ 0.9 -1.0. (N.B. Eq. (14) only supports emergence of a nonzero chiral-limit dressed-quark mass when α 0 0.3 π [57].) In Fig. 3 , we have also drawn the results ford(k 2 ) computed previously [31, 32] : quantitative differences are evident. The first calculation [31] used quenched lQCD results for ∆(k 2 ; ζ 2 ); the second [32] employed n f = 2 + 1 + 1 flavours of twisted-mass fermions with m π 0.3 GeV; and herein we used configurations built with n f = 3 flavours of domain-wall fermions and a physical pion mass. It is this steady advance in lQCD results for the gluon two-point function that is behind our improved prediction ford(k 2 ).
E. Effective Charge
The RGI PI effective charge is now available via Eqs. (13), (21) ; and the prediction deriving from the [27] . For comparison, world data on the processdependent charge, αg 1 , is also depicted [28, 29, .
above analysis is drawn in Fig. 4 . Despite the differences evident in Fig. 3 , the earlier predictions forα(k 2 ) [26, 27] lie within the grey shaded band, as illustrated using the result from Ref. [27] . This is because the differences apparent in Fig. 3 owe largely to decreases in m 0 as the lQCD configurations have improved, modifications which leave α 0 largely unchanged. Figure 4 shows that QCD's RGI PI coupling is everywhere finite, i.e. there is no Landau pole and the theory likely possesses an infrared-stable fixed point. The preceding discussion reveals that these features owe to the emergence of a nonzero mass-scale in QCD's gauge sector, something which must be an integral part of any solution to the SU c (3) "Millennium Problem" [4] . Indeed, the fact that m 0 ≈ m p /2 indicates that the magnitude of scale-invariance violation in chiral-limit QCD is very large [82] and seems tuned to eliminate the Gribov ambiguity [83] . Moreover, in concert with asymptotic freedom, such features support a view that QCD is unique amongst known four-dimensional quantum field theories in being defined and internally consistent at all energy scales. This is intrinsically significant and might also have implications for attempts to develop an understanding of physics beyond the Standard Model based upon non-Abelian gauge theories [32, [84] [85] [86] [87] [88] [89] [90] .
IV. PROCESS-DEPENDENT CHARGE
Another approach to determining an "effective charge" in QCD was introduced in Ref. [9] . This is a processdependent procedure; namely, an effective running coupling is defined to be completely fixed by the leadingorder term in the perturbative expansion of a given observable in terms of the canonical perturbative running coupling. A potential issue with such a scheme is the process-dependence itself. In principle, effective charges from different observables can be algebraically related via an expansion of one coupling in terms of the other. However, expansions of this type would typically contain infinitely many terms [91] ; consequently, the connection does not readily imbue a given process-dependent charge with the ability to predict any other observable, since the expansion is only defined a posteriori, i.e. after both effective charges are independently constructed.
One example is the process-dependent effective charge α g1 (k 2 ), defined via the Bjorken sum rule [92, 93] :
where g p,n 1 are the spin-dependent proton and neutron structure functions, whose extraction requires measurements using polarised targets, on a kinematic domain appropriate to deep inelastic scattering, and g A is the nucleon isovector axial-charge. Merits of this definition are outlined elsewhere [91] ; and they include: the existence of data for a wide range of k 2 [28, 29, ; tight sum-rules constraints on the behaviour of the integral at the IR and UV extremes of k 2 ; and the isospin non-singlet feature of the difference, which both ensures the absence of mixing between quark and gluon operators under evolution and suppresses contributions from numerous processes that are hard to compute and hence might obscure interpretation of the integral in terms of an effective charge.
The world's data on α g1 (k 2 ) are depicted in Fig. 4 and therein compared with our prediction for the RGI PI running-couplingα(k 2 ). As discussed in connection with Eq. (4), all reasonable definitions of a QCD effective charge must agree on k 2 m 2 p . Our approach guarantees this connection, e.g. in terms of the widely-used MS running coupling [11] :
where Eq. (23b) may be built from, e.g. Refs. [94, 95] . Evidently,α and α g1 differ by 0.5 α MS (k 2 ) on any domain within which perturbation theory is valid. Significantly, there is also excellent agreement between α and α g1 on the IR domain, k 2 m 2 p . We attribute this to the isospin non-singlet character of the Bjorken sum rule, which ensures that contributions from many hardto-compute processes are suppressed, and these same processes are absent fromα(k 2 ).
The RGI PI charge,α(k 2 ), has been used in an exploratory calculation of the proton's elastic electromagnetic form factors in the hard-scattering regime [27] . More recently, it has been employed to develop the kernel for DGLAP evolution [96] [97] [98] [99] of the pion's parton distribution functions (PDFs) [100, 101] . Here we provide a novel perspective on this latter application.
To establish a context, we recall that the first DSE applications to the calculation of hadron observables [102] (and many subsequent studies), chose a renormalisation scale deep in the spacelike region: ζ = 19 GeV, primarily to ensure simplicity in the nonperturbative renormalisation procedure. This choice entails that the dressed quasiparticles obtained as DSE solutions remain intact and thus serve as the dominant degrees-of-freedom for all observables. That is adequate for infrared quantities, such as hadron masses: flexibility of model parameters and the bridge with QCD enable valid predictions to be made. However, it generates errors in form factors and parton distributions. With form factors, the correct power-law behaviour is obtained, but the scaling violations deriving from anomalous operator dimensions are incorrect (see, e.g. Ref. [103] ); and for distributions, the natural connection between the renormalisation point and the reference scale for evolution equations is lost, again because parton loops are suppressed when renormalising a given truncated study at deep spacelike momenta so the computed anomalous dimensions are wrong.
The solution to these problems is to renormalise the DSE solutions at the hadronic scale, ζ H m p , where the dressed quasiparticles are the correct degrees-of-freedom [100, 101, [104] [105] [106] [107] [108] . This recognises that a given meson's Poincaré covariant wave function and correlated vertices, too, must evolve with ζ [109] [110] [111] . Such evolution enables the dressed-quark and -antiquark degrees-of-freedom, in terms of which the wave function is expressed at a given scale ζ, to split into less well-dressed partons via the addition of gluons and sea quarks in the manner prescribed by QCD dynamics. These effects are automatically incorporated in bound-state problems when the complete quark-antiquark scattering kernel is used; but aspects are lost when that kernel is truncated.
Recognising this, the initial predictions for the pion PDFs in Refs. [100, 101] were presented at the scale ζ H , whereat the pion is purely a bound-state of a dressedquark and dressed-antiquark; hence, sea and glue distributions are zero. At any ζ > ζ H , each distribution is then obtained via QCD evolution from these initial forms. Here arises the question: "What is the natural value of ζ H ?", something which has been asked in all studies since Ref. [112] .
Refs. [100, 101] provided an answer and prediction in terms ofα. Namely, capitalising upon the fact that QCD possesses a RGI PI effective charge, which saturates in the infrared owing to the dynamical generation of a gluon mass-scale, it introduced the simplified running coupling:
with m α chosen to reproduce the known value of α 0 , Eq. (21) . Here, m α ∼ m 0 serves as an essentially nonperturbative scale whose existence ensures that parton modes with k 2 m 2 α are screened from interactions. Thus, m α marks the boundary between soft and hard physics; accordingly, Refs. [100, 101] identified ζ H = m α (25) and used Eq. (24) to define evolution of all PDF moments.
For example, with q π (x; ζ H ) being the pion's valencequark distribution function and
ζ(t) = ζ H e t/2 , then Refs. [100, 101] expressed the PDF at any scale ζ > ζ H via the moments
. This is leading-order QCD evolution based onα ≈α.
Given that the perturbative expansion parameter in Eq. (27) ] argued that leading-order evolution should provide a good approximation; and, in fact, working from this assumption, the resulting prediction for the pion's valencequark PDF is in excellent agreement with existing data [113, 114] . Additionally, sound predictions for the pion's glue and sea-quark distributions were also obtained.
Such phenomenological successes support a broader view ofα. Namely, this RGI PI running coupling can also be interpreted as that special process-dependent effective charge for which evolution of the moments of all pion PDFs is defined by the one-loop formula expressed in terms ofα ≈α [115] . It then unifies the Bjorken sum rule with pion (meson) PDFs. From this perspective, the question of the size of an expansion parameter no longer arises. Instead, introduction ofα into the leadingorder formula for these observables serves to express the canonical all-orders resummed and infrared finite result for each quantity.
As remarked following Eq. (22), it has usually been thought that there is a different process-dependent charge for each observable. However, it is now apparent thatα, itself RGI and PI, unifies two very distinct sets of measurements, viz. the pion's structure function and the leading moment of nucleon spin-dependent structure functions. Hence,α(k 2 ) is emerging as a good candidate for that object which truly represents the interaction strength in QCD at any given momentum scale [8] .
V. SUMMARY AND PERSPECTIVE
Using modern lattice-QCD configurations generated with three domain-wall fermions at the physical pion mass, we computed QCD's renormalisationgroup-invariant (RGI) process-independent (PI) effective charge,α(k 2 ) [ Fig. 4 ], which, in being completely determined by the gluon two-point function, is a unique strong-interaction analogue of the Gell-Mann-Low effective coupling in QED. Owing to the dynamical breakdown of scale invariance, expressed through emergence of a RGI gluon mass-scale, with calculated value m 0 /GeV = 0.43 (1) [Eq. (17) ], this running coupling saturates at infrared momenta:α(k 2 = 0)/π = 0.97(4) [Eq. (21) ]. Our results are parameter-free predictions.
The calculated RGI PI charge is smooth and monotonically decreasing on k 2 ≥ 0 and is known to unify a wide range of observables, inter alia: hadron static properties [116] [117] [118] [119] ; parton distribution amplitudes of lightand heavy-mesons [120] [121] [122] [123] and associated elastic and transition form factors [104] [105] [106] [107] [108] . In addition,α(k 2 ) is: (i ) pointwise (almost) identical to the process-dependent (PD) effective charge, α g1 , defined via the Bjorken sum rule; (ii ) capable of marking the boundary between soft and hard physics; and (iii ) that PD charge which, used at one-loop in the QCD evolution equations, delivers agreement between pion parton distribution functions calculated at the hadronic scale and experiment. In playing so many diverse rôles,α(k 2 ) emerges as a strong candidate for that object which properly represents the interaction strength in QCD at any given momentum scale.
Our study supports a conclusion that the Landau pole, a prominent feature of perturbation theory, is screened (eliminated) in QCD by the dynamical generation of a gluon mass-scale and the theory possesses an infrared stable fixed point. Accordingly, with standard renormalisation theory ensuring that QCD's ultraviolet behaviour is under control, QCD emerges as a mathematically welldefined quantum field theory in four dimensions.
